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Abstract
By using a projective connection over the space of two-dimensional affine
connections, we are able to show that the metric interaction of Polyakov 2D
gravity with a coadjoint element arises naturally through the projective Ricci
tensor. Through the curvature invariants of Thomas and Whitehead, we are able
to define an action that could describe dynamics to the projective connection. We
discuss implications of the projective connection in higher dimensions as related
to gravitation.
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1 Summary of Paper
In one dimension, the smooth circle and line are characterized by the algebra of vector
fields, called the Virasoro algebra. It can be further endowed with more structure by
adding a gauge group so that points on the circle are mapped into the group. The
Kac-Moody algebra locally characterizes this added structure. The symmetries of the
circle lead to two dimensional physics through symplectic structures associated with
the coadjoint orbits of the Virasoro algebra and Kac-Moody algebras. The coadjoint
elements (D, A), corresponding to a quadratic differential D and a gauge field A, are
realized as a cosmological term in the effective action of two-dimensional gravity and
background gauge field coupled to a WZW model, respectively. The gauge field has
meaning in any dimension and can be made dynamical by adding a Yang-Mills action
in 2D and higher. In this note we address two questions: 1) Is there a principle that
can give dimensional ubiquity for the field D? and 2) What would be the correspond-
ing dynamical action? In other words, by “lowering” the dimension to 2D, are new
gravitational degrees of freedom that are independent of Einstein now manifest and
can they have an interpretation in higher dimensions? We answer these questions by
first recognizing that D is related to projective geometry, a notion that is well-defined
in higher dimensions. Then by using the Thomas-Whitehead projective connection ∇˜,
we are able to describe a projective curvature invariant and build a dynamical action
for D modelled on the Gauss-Bonnet action in Riemannian geometry. We discuss the
gravitational consequences of this action in two and four dimensions.
2 The Coadjoint Representation of the Virasoro Algebra
The Virasoro Algebra and Its Dual
In this section we present a self-contained review of the Virasoro algebra, its coadjoint
representation, its coadjoint orbits and the relation of coadjoint elements to projective
structure on the circle (or line). The Virasoro algebra is the unique central extension
of the Witt algebra, which is the algebra of vectors on the circle S1. Let ξ be a vector
on a circle parameterized by a coordinate θ. This can be written as
ξa(θ)∂a = ξ(θ)
d
dθ
. (2.1)
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Then the Witt algebra between two vector fields ξ and η can be defined through the
Lie derivative,
Lξηa = −ξb∂bηa + ηb∂bξa = (ξ ◦ η)a, (2.2)
so that the algebra of vector fields is defined through,
[ξ, η] = ξ ◦ η. (2.3)
We can centrally extend this algebra by denoting i as the central element and writing
a two-tuple, (ξ, a) to denote
(ξ, a) = ξ(θ)
d
dθ
− ia, (2.4)
where a is a real number. The centrally extended algebra for elements (ξ, a) and (η, b)
then becomes,
[(ξ, a), (η, b)] = (ξ ◦ η, 0), (2.5)
where a and b do not contribute and no new central component appears. However, one
can introduce a two-cocycle, ((∗, ∗)), which maps two vector fields, say ξ and η into a
real number, ((ξ, η))0,
((ξ, η))0 =
c
2π
∫
(ξη′′′) dθ, (2.6)
where c is a constant and the ′ denotes a θ derivative. This two-cocycle is anti-
symmetric in ξ ↔ η and satisfies the Jacobi identity since
((ξ, [η, α]))0 + ((α, [ξ, η]))0 + ((η, [α, ξ]))0 = 0. (2.7)
Using this, one has a centrally extended algebra,
[(ξ, a), (η, b)] = (ξ ◦ η, ((ξ, η))0), (2.8)
that is still a Lie algebra, called the Virasoro algebra. The two-cocycle, ((ξ, η))0, is the
Gelfand-Fuchs cocycle. One may see it as a pairing of the vector ξ with a one-cocycle
of η, where this one-cocycle arises from a projective transformation that has mapped
the vector field η into a quadratic differential,
η∂θ → η′′′dθ2. (2.9)
Through this pairing, one has formed the dual of the algebra, G∗, where the elements are
quadratic differentials. One goes further by introducing the coadjoint representation
on the dual space of the algebra. Coadjoint elements of the Virasoro algebra are
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represented by (B, c), which is the direct sum of the dual of the algebra (the element
B) and the reals (the element c). An invariant pairing between (ξ, a) and (B, c),
< (ξ, a)|(B, c) >, is then defined by
< (ξ, a)|(B, c) >≡
∫
(ξB)dθ + ac. (2.10)
Using the invariance, we act on the pairing with an element of the algebra, say (η, d),
(η, d)∗ < (ξ, a)|(B, c) >= 0, (2.11)
to find the coadjoint action of the algebra via the Leibnitz rule. Indeed
< ad(η,d)(ξ, a)|(B, c) > + < (ξ, a)|ad∗(η,d)(B, c) >= 0, (2.12)
implies that the coadjoint action of (η, d) on (B, c) is ,
ad∗(η,d)(B, c) = (ηB
′ + 2η′B − c η′′′, 0). (2.13)
In Eq.(2.12), ad(η,d)(ξ, a) is the adjoint action of centrally extended vector fields on
themselves and is given by Eq.(2.8).
Relation to Sturm-Liouville and Projective Structures
The first two summands of Eq.(2.13) in the left component of the two-tuple correspond
to the Lie derivative of a quadratic differential. However, the last summand is the
Gelfand-Fuchs cocycle, making the coadjoint action an affine module [1,2]. Kirillov [3]
observed that this action is the same as the action of vector fields on the space of
Sturm-Liouville operators so that we have the correspondence,
(B, c)⇔ −2c d
2
dx2
+B(x), (2.14)
where on the left side (B, c) is identified with a centrally extended coadjoint element
of the Virasoro algebra and on the right side is a Sturm-Liouville operator and B(x)
is a Strum-Liouville potential.
To see this correspondence [1,2], let φA and φB be two independent solutions of the
Sturm-Liouville equation,
(−2c d
2
dx2
+B(x))φA = 0, (−2c d
2
dx2
+B(x))φB = 0. (2.15)
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The solution space is two dimensional so it can be spanned by φA and φB. Define a
function f(x) = φA(x)
φB(x)
. Then
f ′(x) =
φ′A(x)φB(x)− φA(x)φ′B(x)
φB(x)2
, (2.16)
where we recognize the numerator as the Wronskian of the two independent solutions.
This guarantees that f ′(x) 6= 0. Similarly,
f ′′(x) = −2φ
′
A(x)φ
′
B(x)
φB(x)2
+ 2
φA(x)φ
′
B(x)
2
φB(x)3
+
φ′′A(x)
φB(x)
− φA(x)φ
′′
B(x)
φB(x)2
(2.17)
which becomes
f ′′(x) = −2φ
′
A(x)φ
′
B(x)
φB(x)2
+ 2
φA(x)φ
′
B(x)
2
φB(x)3
(2.18)
after using Eq.(2.15). Continuing in this manner,
f ′′′(x) =
2 (φB(x)φ
′
A(x)− φA(x)φ′B(x)) (B(x)φB(x)2 + 3c φ′B(x)2)
c φB(x)4
. (2.19)
One can then extract B(x) as a particular ratio of derivatives,
B(x) =
c
2
(
f ′′′(x)
f ′(x)
− 3
2
(
f ′′(x)
f ′(x)
)2)
= S(f(x). (2.20)
This is precisely the Schwarzian derivative of f(x) with respect to x, S(f(x)). We may
therefore consider f(x) to be an affine parameter τ ≡ f(x) on the projective line P1.
We then have a one parameter family of Strum-Liouville operators,
Lτφ = −2c d
2
dx2
φ+Bτφ = 0.
This is invariant under the action of the vector field (η, d), so we have
(η, d) ∗ Lτφ = (ad∗(η,d) Lτ )φ+ Lτ ((η, d) ∗ φ) = 0,
where the coadjoint action, Eq,(2.13) defines the transformation of the operator Lτ ,
and where the solution φ transforms as a scalar density of weight −1
2
, i.e.
L(η,d)φ = ηφ′ − 1
2
η′φ.
Again the central element d does nothing. In this way we are able to make direct
contact with one-dimensional projective geometry. In other words the invariants of
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the Virasoro algebra can be identified with invariants of Sturm-Liouville, which in turn
defines a projective structure on S1. This verifies Eq.(2.14), identifying B as a projective
connection [3]. At the group level, B(x) transforms as a quadratic differential plus a
Schwarzian derivative. The Schwarzian derivative is perhaps the most well-known and
ubiquitous example of a projective differential geometry invariant [1,2]. In what follows,
we will return to this correspondence by relating the invariant two-cocycle,
(ξ, η)(B,c) =
c
2π
∫
(ξη′′′ − ξ′′′η) dx+ 1
2π
∫
(ξη′ − ξ′η)B dx, (2.21)
explicitly to the Thomas-Whitehead connection in Section 4.2 below.
Coadjoint Orbits
One of the ways coadjoint orbits are of interest to physicists is with respect to string
theory and gravity through the quantization of the Virasoro algebra and the anomalous
contributions to the 2D effective quantum gravitational action. By studying coadjoint
orbits [4–9] ones gets both a geometric understanding of the underlying vacuum struc-
ture of gravity in 2D and the anomalous contributions to gravitation. By explicitly
studying the field theory associated with the semi-direct product of the Virasoro alge-
bra and an affine Lie algebra that defines a gauge theory, one shows that the WZW [10]
model and Polyakov [11] 2D quantum gravity, derived via path integral quantization
of two-dimensional chiral fermions, are the geometric actions associated with the affine
Kac-Moody algebra and the Virasoro algebra respectively.
Each coadjoint orbit admits a natural symplectic two-form, Ω(B,c)[∗, ∗] on the Vi-
rasoro algebra, [3, 12]. Indeed using Eq.(2.21), we may define
Ω(B,c)[(ξ, a), (η, d)] = (ξ, η)(B,c). (2.22)
The two-form is closed, via the Jacobi identity, and non-degenerate making it a natural
symplectic two-form on the orbits defined by (B, c). The isotropy algebra of (B, c), is
defined by those vector fields,(ηˆ, dˆ) where
ad∗
(ηˆ,dˆ)
(B, c) = (ηˆB′ + 2ηˆ′B − c ηˆ′′′, 0) = (0, 0). (2.23)
The subalgebra of all such vector fields generates the isotropy group, H, so that the
coadjoint orbits are defined by diffS1/H where diffS1 denotes the Virasoro group. Coad-
joint elements that can be related to each other through group action are in the same
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equivalence class and therefore live on the same orbit. Because of this, the dual of
the Virasoro algebra can be foliated into distinct classical and quantum mechanical
systems via the equivalence classes of the coadjoint elements, i.e. [(B, c)]. This gives
rise to a Hilbert space structure which is a direct sum of the equivalence classes [4]
H = ⊕iH[Bi]. (2.24)
From a quantum mechanical viewpoint, the coadjoint elements determine the vacuum
structure of their respective Hilbert spaces. By using this natural symplectic two form
on coadjoint orbits and a strategy for integrating the two-form [13–15], one also relates
each orbit specified by coadjoint element (D, c˜) with a 2D gravitational action [5]
S =
c˜
2π
∫
dxdτ
[
∂2xs
(∂xs)2
∂τ∂xs− (∂
2
xs)
2(∂τs)
(∂xs)3
]
−
∫
dxdτ D(x)(∂s/∂τ)
(∂s/∂x)
. (2.25)
Here s(θ;λ, τ) corresponds to a two-parameter family of elements of the Virasoro group.
Changing the notation x→ x−,τ → x+, s→ f, and D → 0, this action is identical to
Polyakov’s action [11] , viz
S =
c˜
2π
∫
d2x
[(
∂2
−
f
)
(∂+∂−f) (∂−f)
−2 − (∂2
−
f
)2
(∂+f) (∂−f)
−3
]
(2.26)
where the gauge fixed metric is
gab =
(
0 1
2
1
2
h++(θ, τ)
)
, (2.27)
and where h++ = (∂+f/∂−f) for a function f(x−, x+) in light-cone coordinates. The
interaction term with the coadjoint element (D, 0), viz. the last summand in Eq.(2.25),
admits a term
S(D,g) =
∫
d2xD (∂+f/∂−f), (2.28)
suggesting that D is the D = D−− component of an external background field Dµν in
two dimensions. Here it serves as a background cosmological term that influences the
energy-momentum tensor.
The Quadratic Differential, Dab, and Yang-Mills Potentials, Aa
In Section 4.3 we will show that by using a projective connection over the affine con-
nections in two dimensions, Eq.(2.28) appears naturally as a background field in the
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Einstein-Hilbert in 2D. We will go further and ascribe dynamics to this field in Section
4.5. This is akin to adding the Yang-Mills action to a WZW model that is coupled to a
background gauge field Aµ. Understanding the dynamics of the coadjoint elements in
the Virasoro algebra will help to understand the stability of the quantization of orbits
such as diffS1/SL(n)(2, R) as well as non-trivial cosmological contributions to gravi-
tation in higher dimensions. The partnership with the vector potential Aµ (we will
take SU(M) as our gauge group) and the quadratic differential Dµν in describing the
semi-direct product of the Kac-Moody (affine Lie algebra) and the Virasoro algebra is
another impetus for making D(θ) dynamical.
To explicitly show this partnership, let us review the relevant literature [16, 17].
As discussed above, the coadjoint representation appears as the dual of the adjoint
representation through a pairing between the two representations, < (ξ, a)|(B, c) >.
We will consider the analogous pairing for the algebra of the semi-direct product of
the Virasoro algebra with an affine Lie algebra and its dual. We write the mode
decomposition of the Virasoro algebra and the affine Lie algebra (Kac-Moody algebra)
with structure constants fαβγ on the circle by
[LN , LM ] = (N −M)LN+M + cN3 δN+M,0 (2.29)
for the Virasoro sector,[
JαN , J
β
M
]
= i fαβγ JβN+M +N k δN+M,0 δ
αβ (2.30)
for the affine Kac-Moody algebra, and
[LN , J
α
M ] = −M JαN+M . (2.31)
for the interacting commutation relations. Here A,B,C · · ·Z are integers. To be
explicit, the algebra may be realized on the circle by
LN = e
a
N∂a = ie
iNθ∂θ, J
α
N = τ
αeiNθ, (2.32)
so that a basis for the centrally extended algebra can be written as(
LA, J
β
B, ρ
)
. (2.33)
Here the last component, ρ, is in the center of the algebra. The adjoint representation
acts on itself through the commutation relations and explicitly is given by:(
LA, J
β
B, ρ
)
∗ (LN , JαM , µ) = (Lnew, Jnew, β) (2.34)
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where
Lnew = (A−N)LA+N
Jnew = −MJαA+M +BJ βB+N + if βαλJλB+M
β = (cA3)δA+N,0 +Bkδ
αβδB+M,0. (2.35)
In a similar way, we can construct a basis for the coadjoint representation. The
coadjoint elements can be realized as
(
L˜N , J˜αM , µ˜
)
;
L˜N = e
N
abdx
adxb = −ie−iNθdθ2, J˜αN = AN,αa dxa = ταe−iNθ, (2.36)
and µ˜ is a constant. The eNab are the components of a quadratic differential and the
AN,αa are one-form components. The pairing between the modes of the coadjoint rep-
resentation and the adjoint representation is explicitly:
〈(
LA, J
β
B, ρ
) ∣∣∣(L˜N , J˜αM , µ˜)〉 = 12πi
∫ (
eaAe
N
ab + tr(J
β
B A
M,α
b )
)
dxb + ρµ˜
=
1
2πi
∫ (
eiAθe−iNθ + tr(τβeiBθταe−iMθ)
)
dθ + ρµ˜
= δN,A + δ
αβδM,B + ρµ˜, (2.37)
where tr(τατβ) = δαβ. Invariance of the pairing with respect to the action of the adjoint
representation gives the transformation laws for the coadjoint representation [16],(
LA, J
β
B, ρ
)
∗
(
L˜N , J˜
α
M , µ˜
)
=
(
L˜new, J˜
α
M , 0
)
with, (2.38)
L˜new= (2A−N)L˜N−A−BδαβL˜M−B − µ˜(cA3)L˜−A and (2.39)
J˜αM= (M − A)J˜αM−A − if βναJ˜νM−B − µ˜B k J˜ β−B. (2.40)
In terms of the mode decomposition, the one-dimensional vector fields ξj and the matrix
valued gauge parameter ΛIJ are given by
ξj =
∞∑
N=−∞
ejNξ
N and ΛIJ =
q∑
α=1
∞∑
N=−∞
ΛNα (J
α
N)
I
J , (2.41)
where q is the dimension of the affine Lie algebra. Then a generic member of the
algebra may be written as the three-tuple
F = (ξ (θ) ,Λ (θ) , a) (2.42)
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containing a one-dimensional vector field ξi, anM×M matrix valued gauge parameter
ΛIJ , and a central element a. The pairing in the Virasoro sector is a contraction of a
vector field ξi and a quadratic differential Dij,
< ξ,D >=
∫
ξiDijdxj , (2.43)
and the pairing in the Kac-Moody sector of a gauge parameter ΛIJ and a dual element
(Ai)
I
J is given by
< Λ, A >=
∫
tr(ΛAi)dx
j. (2.44)
Therefore we may write
D =
∞∑
n=−∞
DnL˜n and A =
M∑
α=1
∞∑
n=−∞
ΛnαJ˜
α
n . (2.45)
The coadjoint element is the three-tuple
B = (D (θ) ,A (θ) , µ˜) , (2.46)
which consists of a rank two projective connection Dab, a gauge connection Aa and
a corresponding central element µ. In this way the coadjoint action of an adjoint
element F = (ξ (θ) ,Λ (θ) , a) on a coadjoint element B = (D (θ) , A (θ) , µ˜) gives the
transformation law [16]
δB˜F = (ξ (θ) ,Λ (θ) , a) ∗ (D (θ) , A (θ) , µ˜)
= (δD (θ) , δA (θ) , 0) . (2.47)
The transformation laws now have the interpretation of a one-dimensional projective
transformation on the projective connection D (θ) and gauge connection A, and the
accompanying gauge transformations on these fields, i.e
δD (θ) = 2ξ ′D +D′ξ + cµ˜
2π
ξ′′′︸ ︷︷ ︸
coordinate transformation
− Tr (AΛ′)︸ ︷︷ ︸
gauge transformation
(2.48)
and
δA(θ) = A′ξ + ξ′A︸ ︷︷ ︸
coordinate transformation
− [ΛA− AΛ] + k µ˜Λ′︸ ︷︷ ︸
gauge transformation
. (2.49)
We note that D (θ) transforms inhomogeneously under the projective transformation,
while A(θ) transforms inhomogeneously under the gauge transformation. In terms
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of two-dimensional Yang-Mills, A(θ) may be regarded as the space component of a
vector potential, Aµ = (Aτ , Aθ), where one uses the temporal gauge to fix Aτ = 0.
When Eq.(2.49) is set to zero and the coordinate transformations are ignored, one sees
that this parallels a Gauss Law constraint from a Yang-Mills theory where the one-
dimensional electric field Eθ takes the place of Λ. In [16, 18–23] the authors argued
that there was an analogous field theory related to the dual of the Virasoro algebra
that, like Yang-Mills, could be written in any dimension. Then one could lift the one-
dimensional identity of D to a field theory in two-dimensions and higher. In Section
4.3 , we will show that by identifying D with a projective connection Γ˜αβγ that admits
a projective Ricci tensor Kαβ, the interaction term 2.28 can be written as
Sint =
∫
d3x
√
(−G)Kαβ Gαβ (2.50)
where Gαβ will correspond to a specific three-dimensional metric derived in Section 4.1
that contains the 2D metric gab. This identification adds dimensional ubiquity to the
diffeomorphism field Dab. Furthermore, in Section 4.5 we postulate that the dynamical
theory for D may be written as a projective version of the Gauss-Bonnet action,
SD =
∫
d3x
√
(−G) (Kαβγρ K βγρα −
1
4
KαβK
αβ +K2), (2.51)
using the projective curvature tensor. The three-dimensional metricGαβ arises from the
chiral Dirac γ3 matrix, which is used to define the third dimension. The construction
is designed to be dimensionally independent and furthermore, the projective Gauss-
Bonnet action can be used in 2 to 4 space-time dimensions without introducing higher
time derivatives on the underlying metric. In Section 4.5, we will also derive the field
equations and energy-momentum tensor for any dimension. This work promotes the
diffeomorphism field Dab from a remnant of the dual of the Virasoro algebra to a rank
two tensor in any dimension. Its purely geometric origin may have merits in describing
gravitational and cosmological phenomena, especially as a candidate for dark energy
and dark matter.
3 Review of Projective Curvature
3.1 Projective Structure and the Ricci Tensor
Before discussing the results of this paper, we review the relationship between projec-
tive structure and the Ricci tensor. The underlying idea is the equivalence between
10
the family of geodesics on a manifold, and the differential operators that give rise
to the same geodesics. In the study of sprays (for a review see [24]), which may be
viewed as the space of geodesics on a manifold and their derivatives, geodesic equations,
Sturm-Liouville and Laplace equations are all placed on similar footing. We are inter-
ested in the structure of geodesic equations under reparameterization. For example in
Eq.(2.21) one could ask how the coadjoint element transforms under reparameteriza-
tion so that the two-cocycle remains invariant. Sturm-Liouville theory investigates the
same question about how the Liouville operator transforms under reparameterization
of its parameter. These operations have a leading quadratic differential operator. In-
deed, Weyl [25] asked the same question regarding geodesics more than ninety years
ago. The idea of projective connections originated with Weyl, Thomas, Whitehead
and Cartan [25–27]. It is born from the idea that a manifold M can be characterized
by its geodesics and geodetics (we will discuss the distinction presently). Consider the
geodesic equation,
ξa∇aξb = f ξb, (3.1)
where f is a function. Here, the vector field ξ has an affine parameter τ , so that
ξa∇aτ = 1. This geodesic equation has an inherent symmetry. For one thing, geodesics
and geodetics (f = 0) can be related by a suitable rescaling of g ξa = ζa. Indeed
for any differentiable function g, ζa is also geodesic. In particular, when g satisfies
d
dτ
(log g(τ)) = −f(τ), ζa is geodetic. We will refer to both geodetics and geodesics as
geodesics from now on. Writing ζa = d
dτ
xa, the geodesic equation in terms of the affine
connection Γabc is
ζb∇bζa = d
2xa
dτ 2
+ Γabc
dxb
dτ
dxc
dτ
= 0. (3.2)
This demonstrates the symmetry of the affine parameter, τ → c + b τ . The study of
sprays through projective connections [24] addresses this symmetry.
From the relationship between the affine connection and the geodesics, one may
ask, “if given two connections, when do they have the same family of geodesics?”
Weyl [25] had shown that if one considers two connections, say ∇ˆ and ∇˜, then they
are projectively equivalent, i.e. admit the same family of geodesics, if and only if there
exists a one form ω, such that
∇ˆaY b = ∇˜aY b + ωaY b + δabωmY m. (3.3)
These two connections are said to belong to the same equivalence class [ ∇ˆ ] which
is called a unique projective structure on M . Weyl was able to show the existence
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of a projective curvature, which is an invariant for each projective structure. Con-
sider the Ricci tensor of two projectively related connections (see “Notes on Projective
Differential Geometry” in [28]). Explicitly,
(∇˜a∇˜b − ∇˜b∇˜a)Y b = R˜abY b = S˜abY b − A˜abY b (3.4)
and
(∇ˆa∇ˆb − ∇ˆb∇ˆa)Y b = RˆabY b = SˆabY b − AˆabY b,
where Sab is symmetric and Aab is anti-symmetric. Then the two-forms are related by,
Aˆab = A˜ab + ∇˜a ωb − ∇˜b ωa (3.5)
so Aab has changed by an exact two-form. The Bianchi identity shows that dA =
0, where d is the exterior derivative, therefore Aab is closed. This implies a gauge
symmetry when Aab → Aab + ∂[aΛb]. When Aab is exact, a Levi-Civita connection is a
member of the equivalence class. Since the Ricci tensor is related to the Laplacian up
to terms associated with the affine connection, the question asked originally regarding
the two-cocycle is also being addressed here. In this note, we will take advantage of the
work on projective connections to elevate the one-dimensional coadjoint element to a
field in two dimensions and introduce an action for the dynamics of the diffeomorphism
field.
3.2 Projective Structure via Thomas and Whitehead
There are many formulations of projective structures. We will follow the work of
Thomas [27] and Whitehead [26]. For a review of projective connections, see [1,2,24,28].
We may examine projective structures by treating the diffeomorphism field, D, as a
component of the projective connection Γ˜αβγ which is a connection on the space of
affine connections, ∇. This may be formulated concretely by studying the family of
affine connections on a manifoldM with dimension m through another connection, “a
connection of connections”, on a manifold N with dimension n = m+1. The procedure
below follows projective tractor calculus.
Now N is to be regarded as the projective space Pm which is the quotient space of
R
m+1 − 0 under multiplication by positive non-zero real numbers. Let Υα correspond
to a vector field on N which generates this action. A function f on Pm then enjoys the
symmetry generated by Υ so its Lie derivative vanishes, i.e. LΥf = Υα∂αf = 0. In a
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Cartesian frame, this is xα∂α = Υ. In the projective connection below, we will realize
Υα∂αf = λ ∂λf, (3.6)
where λ is the radial or “volume” parameter. Furthermore we require that under
parity, Pf(x) = f(−x). The parity restriction keeps us from making a change in affine
parameters, as stated above, in such a way as to change an attractive force into a
repulsive force. Functions such as this define the set FΥ. Vector fields on Pm can be
realized through their equivalence class defined by;
LΥX ∝ Υ (3.7)
and PX = X. So X ≡ Y if Y − X ∝ Υ. We will use a construction that picks an
element from each equivalence class as a representative of the equivalence class by
its projection into a preferred one-form ω on Rm+1 − 0 that enjoys Pω = ω, and is
related to Υ by the conditions that ωαΥ
α = 1 and LΥωρ = 0. Explicitly, let X˜ ≡ XE
epitomize its equivalence class. Then X˜β = XβE−XρE ωρΥβ , is equivalent to XE. Then
the Lie algebra of equivalence classes can be defined through [XE, YE] = LXEYE = ZE.
For functions in FΥ, say g, we have LZE g ∈ FΥ. From this we can define a covariant
derivative operator on the space of equivalence classes of vectors.
The manifold N is an example of a Thomas cone, equipped with an operator
D(Γ˜αβγ) is called the Thomas operator [29]. The construction allows us to have a
notion of a gauge theory over the space of affine connections while preserving the idea
of tensor representations. Indeed, Thomas [27] was able to relate a vector bundle
equipped with a connection to the irreducible representations of SL(n + 1,R) so that
physics related to tensors even on the underlying manifold is maintained. These are the
projective tractor bundles (for a review see Eastwood in [28] and [30]) which embed the
projective transformations into its construction ab initio. The ability to still discuss
tensorality on the space M is what makes an association with gravitation feasible.
3.3 Explicit Thomas-Whitehead Projective Connection
As stated above, the Thomas-Whitehead theory may be thought of as “gauging” the
projective geometry by providing a connection as an R+ fibration for projective trans-
formations over the manifold M. To construct the covariant derivative operator ex-
plicitly, we will need a parameter corresponding to flows as defined by the principle
vector Υ. This is achieved through the volume form, vol(λ) = f(λ)ǫa1···andx
a1 · · ·dxan .
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Then λ becomes the new direction parameter for N restricted to R+. This will be the
definition used to describe λ as stated in Eq.[3.6]. Following [24, 31], we construct the
coefficients of the projective connection ∇˜α by requiring that
∇˜αΥβ = δβα. (3.8)
The new m + 1 coordinates are xα = (λ, x1, x2, · · ·xm), where α = 0, · · · , m. Here
the Greek letters denote the coordinates on N while the Latin correspond to the
coordinates on M and are labeled a, b = 1, · · · , m. The connection coefficients for ∇˜
on N will be denoted by Γ˜βρα and the connection coefficients on M by Γbc a. Then
in the frame where Υα = (λ, 0, 0, · · · , 0) and ωβ = ( 1λ , 0, · · · , 0) [31], the projective
connection coefficients are:
Γ˜0a0 = Γ˜
0
0a = 0, Γ˜
0
ab = Υ
0Dab, Γ˜α00 = 0,
Γ˜a0b = Γ˜
a
b0 = ω0 δ
a
b , and Γ˜
a
bc = Γ
a
bc, (3.9)
This choice guarantees that
Pωβ = ωβ, ωαΥ
α = 1 and LΥωρ = 0. (3.10)
One then computes the projective curvature in the usual way, i.e
[∇˜α, ∇˜β]κγ = Kγαβρκρ. (3.11)
In terms of the connection coefficients we find,
Kµναβ ≡ Γ˜µν[β,α] + Γ˜ρν[βΓ˜µα]ρ , (3.12)
where the only non-vanishing components of Kµναβ are
Kabcd = R
a
bcd + δ[c
aDd]b , (3.13)
Kλcab = λ∂[aDb]c + λΓdc[bDa]d = λKcab. (3.14)
Here one recognizes a familiarity with conformal structures on the manifoldM. Recall
that the Riemann curvature tensor and the Weyl tensor are related by
Rabcd =W
a
bcd + δ[c
aPd]b , (3.15)
Ccab = ∂[aPb]c + Γdc[bPa]d , (3.16)
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where Pab is called the Schouten tensor and Ccab is called the Cotton-York tensor.
Under conformal transformations of the metric, only the Schouten tensor will change.
Tractor calculus generalizes this to that in Eq.[3.13] we recognizes Dab as precisely the
projective Schouten tensor and Eq.[3.14] as λ times the projective Cotton-York tensor,
Kbmn = ∇mDbn −∇nDbm [32–34]. From the projective curvature tensor, we calculate
the components of the projective Ricci tensor Kαβ ≡ Kραβρ to be,
Kab = Rab − (m− 1)Dab , Kaλ = ∂λΓbab = 0. (3.17)
In the above, Rabcd may be taken as the Riemann curvature tensor over the manifoldM,
defined in terms of its Christoffel symbols Γabc. From the Lagrangian point of view for
general relativity, this need not be assumed when following the Palatini formalism [35].
There, the metric and the connection are treated as independent fields and the metric
compatibility condition follows from the field equations of the Einstein-Hilbert-Palatini
action. In this work we assume the connection is compatible with the metric but the
tractor calculus presented is sufficiently robust that it will handle the most general
case.
Now under a projective transformation, the coordinates on N transform as,
pα = (λ, p1, p2, · · · pm)→ qα = (λ′ + J(q, p), q1(p), q2(p), · · · qm(p)), (3.18)
where J(q, p) = | ∂qi
∂pj
| corresponds to the determinant of the Jacobian of the transfor-
mation of the coordinates onM. One finds that projective invariance of the curvature,
Eq.(3.11), induces the projective gauge transformation on Dab given by,
D′(q)ab =
∂pc
∂qa
∂pd
∂qb
D(p)cd +
∂pl
∂qc
(
∂2qc
∂pl∂pd
∂2pd
∂qa∂qb
) +
∂qm
∂pn
∂3pn
∂qm∂qa∂qb
. (3.19)
For an infinitesimal transformation in the direction of a vector field ξa, the Lie derivative
of Dab is given by
LξD(x)cd = ξa∂aD(x)cd +D(x)ad∂cξa +D(x)ca∂dξa + ∂a∂c∂dξa. (3.20)
Thus there is a coordinate transformation worth of gauge symmetry corresponding
to m degrees of freedom. Since D(x)ab is a symmetric tensor on M, it will have a
total of m(m+1)
2
− m = m(m−1)
2
degrees of freedom for m > 1 (m = 1 is the special
case of the coadjoint elements of the Virasoro algebra where the projective invariant is
defined by the two-cocycle). We remark that the transformation properties in complex
dimensions can be found in [36–38]. Furthermore, Gunning [38] discusses the origin of
the Schwarzian derivative in one complex dimension.
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3.4 Schwarzian Derivative and Geodesics
From the point of view of the Thomas-Whitehead projective connection, the Schwarzian
derivative enjoys ubiquity in any dimension through reparameterization of geodesics.
To see this, consider a geodetic equation for a vector field ξα ≡ dxα
dτ
on N :
ξα∇˜αξβ = 0, (3.21)
where ∇˜ is the Thomas operator. For the a = 1 · · ·m components,
d2xa
dτ 2
+ Γabc
dxb
dτ
dxc
dτ
= f
dxa
dτ
, (3.22)
where f = −2(d log (x0(τ))
dτ
), and for the β = 0 component,
d2x0
dτ 2
+ x0Dabdx
a
dτ
dxb
dτ
= 0. (3.23)
Now changing the parameter, τ → τ ′(τ), so that Eq.(3.22) is also geodetic, requires
d2τ ′(τ)
dτ 2
= −2d log (x
0(τ))
dτ
dτ ′
dτ
. (3.24)
Then performing this reparameterization on Eq.(3.23) yields [24]
d
dτ
(
d2
dτ2
τ ′(τ)
dτ ′
dτ
)
− 1
2
(
d2
dτ2
τ ′(τ)
dτ ′
dτ
)2
= 2Dabdx
a
dτ
dxb
dτ
. (3.25)
The quantity
d
dτ
(
d2
dτ2
τ ′(τ)
dτ ′
dτ
)
− 1
2
(
d2
dτ2
τ ′(τ)
dτ ′
dτ
)2
= S(τ ′, τ) (3.26)
is precisely the Schwarzian derivative of τ ′ with respect to τ and is known to be invariant
under Mo¨bius transformations, SL(2, R), where τ ′ → a+bτ
c+dτ
.
4 Thomas-Whitehead Projective Gravity
In what follows, the metric Gαβ discussed above will be derived by using the chiral
algebra of the Dirac matrices in even dimensions (see Section 4.1) . The resulting metric
structure will then be used in any dimension. From there we can construct the spin-
connection on N and make contact with 2D Polyakov gravity through fermions coupled
to the projective geometry in Section 4.3. Section 4.4 will also discuss the possibility
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of chiral gravitational fields arising from distinct connections for the left-handed and
right-handed fermions. In Section 4.2, we will show that instead of using curvature
invariants (which vanish in one-dimension), the projective Laplacian, Gαβ∇α∇β, over
the one-dimensional circle can be used to give rise to the 2-cocycle in Eq.(2.21 ). Then
in Section 4.5, we will describe dynamics for the field Dab in higher dimensions. Since
the projective curvature can be defined for any Riemannian manifold, we can define the
dynamics through a curvature squared type action with Gαβ. The projective Gauss-
Bonnet action will be deemed the most suitable of the curvature squared actions, as our
interest is mainly in 2,3 and 4 dimensions where the Riemannian Gauss-Bonnet action
vanishes in 2 and 3 dimensions, and is a topological invariant in 4 dimensions. Thus
higher derivative terms that might arise from curvature squared terms, such as the
Kretschmann invariant density and Ricci squared, will not arise in these dimensions.
We explicitly derive the field equations for the diffeomorphism field Dab, as well as
its contribution to the energy-momentum tensor. We briefly examine the constraint
dynamics and end with some additional discussion in Section 6.
4.1 The Metric Gαβ and Spin Connection ω˜
AB
µ
As stated above, the Thomas-Whitehead connection is defined on a manifold N that
has one more dimension associated with its volume. In general, there will not be a
metric which is compatible with the connection. Consider even-dimensional manifold
M. We define a metric on N through the Clifford algebra of the Dirac matrices and
the chiral Dirac matrix. Let us assume that M admits spinors. We can exploit the
Dirac matrices to “lift” a metric to N . The Dirac matrices are related to a metric gab
on the manifold M via
{γa, γb} = 2gab. (4.1)
Here the coordinates on M are a, b = 1, · · · , m. Then by using the volume form on
M, we can define the chiral Dirac matrix, γm+1 (with new index down) that is related
to the volume parameter λ via
γ(λ)m+1 =
f(λ)
m!
i
m−2
2 ǫa1···amγ
a1 · · ·γam . (4.2)
The intimacy of chirality and the volume form allows us to define a metric on the
manifold, N , through
{γα, γβ} = 2Gαβ , (4.3)
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where now α, β = 0, · · · , m. Then in any dimension, we may write the metric Gαβ as
Gαβ =
(
gab 0
0 f(λ)2
)
. (4.4)
We will use Gαβ to contract with the projective curvature tensor in the interaction
Lagrangian and the dynamical action for the diffeomorphism field. The volume of Gαβ
is given by √
− det (Gαβ) =
√
− det (gab)f(λ). (4.5)
This metric coincides with metric projective tractors at a certain scale [34, 39, 40, 33,
32, 30]. To guarantee finite volume when λ is integrated from 0 to ∞ in the action
functionals, we choose f(λ) so that
f(λ) = exp(−2 λ
λ0
). (4.6)
Since Gαβ admits frame fields through
Gµν = e
A
µ e
B
ν ηAB and ηAB = gµνE
µ
AE
ν
B, (4.7)
the projective spin connection may be written as
ω˜ABµ = e
A
ν (∇˜αEνB). (4.8)
The projective connection then acts on the gamma matrices as
∇˜µγν = ∂µγν + [Ωµ, γν ] + Γ˜νµσγσ, (4.9)
and
Ωµ =
1
8
ωA,Bµ [γA, γB] (4.10)
is the connection on fermions. As we will remark later, in even dimensions, the fermion
representation does not change in going from m to m+1 dimensions; there may be dis-
tinct projective connections for left and right handed chiral fermions. This introduces
a natural notion of chiral symmetry in the gravitational sector.
4.2 The 2-Cocycle and the TW Connection
As discussed in Section 2 , Eq.(2.14), Kirillov was able to show a relationship between
the Sturm-Liouville operator and the coadjoint elements of the Virasoro algebra. By
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considering the Thomas-Whitehead over a one-dimensional manifoldM and using the
metric Gαβ we will present another way to see the correspondence. Here the conditions
from Eq.(3.10) still hold and the Laplacian is used to construct the projective invariant.
We consider a projective 2-cocycle on N for a circle (this can also be defined on a line)
given by
< ξ, η >(ζ)= q
∫
C(ζ)
ξα(∇˜αGρν∇˜ρ∇˜νηβ Gβµ)ζµdσ − (ξ ↔ η), (4.11)
where σ parameterizes the path. Here the coordinates on N are xα = (λ, x) and we
choose the vector fields as ξα = (ξ0, ξ1) and η
α = (η0, η1). The vector ζ
µ ≡ dxµ
dσ
defines
the path C. In accord with Eq.(2.9), the vector field η is mapped into a quadratic
differential, say ηαµ via
(∇˜αGρν∇˜ρ∇˜νηβGβµ). (4.12)
For the sake of description, we write the one-dimensional metric as g(x) and its Christof-
fel symbol as Γ. Now consider a path given by a fixed value λ = λ0 along the vector,
ζµλ0 = (0,
dx
dσ
), and vector fields ηα = (0, η1) and ξ
α = (0, ξ1). On such a path one finds
that
< ξ, η >(ζλ0)= q
∫
ξ1
(
2D11 + g(x) 1
λ20f(λ0)
+ 2Γ(x)2 + Γ′(x)
)
η′1dx
+ q
∫
ξ1η
′′′
1 dx− (ξ ↔ η). (4.13)
The term 2Γ(x)2 + Γ′(x) dictates the transformation law for D11 and is algebraically
equivalent to Eq.(2.48). Also, the metric is a tensor and has no inhomogeneous trans-
formation law. We take the metric to be the standard metric, g(x) = 1, so that
Eq.(4.13) becomes
< ξ, η >(ζλ0 )= q
∫
ξ1
(
2D11 + 1
λ20f(λ0)
)
η′1dx+ q
∫
ξ1η
′′′
1 dx− (ξ ↔ η). (4.14)
Since λ0 is fixed, we make the identification that 2 qD11 + qλ2
0
f(λ0)
= B, which recovers
Eq.(2.21) for q = c
2pi
.
4.3 Polyakov-Diffeomorphism Field Interaction Term
The Polyakov metric will determine the m = 2 dimensional metric on M, and we
will extend it to a metric on N via the matrix γ3 as mentioned above. Explicitly, the
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Polyakov metric [41, 42] is
gab =
(
0 1
2
1
2
hττ (θ, τ)
)
, (4.15)
where hττ (θ, τ) =
∂θ f(θ,τ)
∂τf(θ,τ)
. With this choice of metric, the γ3 extended metric is
Gαβ =
0
1
2
0
1
2
hττ 0
0 0 f(λ)2
 . (4.16)
The projective curvature coefficients Kραβγ for the Polyakov metric onM are given
below:
K3abc =

λ(− ∂τDθθ + ∂θDθτ +Dθθ ∂θhττ ), a = 1, b = 1, c = 2
−λ(−∂τDθτ + ∂θDττ − 2Dθτ ∂θhττ
+Dθθ(∂τhττ + 2(∂θhττ hττ )), a = 2, b = 1, c = 2
0, otherwise
(4.17)
K2abc =

−Dθτ − ∂2θhττ , a = 2, b = 1, c = 2
−Dθθ, a = 1, b = 1, c = 2
0, otherwise
(4.18)
K1abc =

Dθτ + ∂2θhττ , a = 1, b = 1, c = 2
Dττ + 2hττ ∂2θhττ , a = 2, b = 1, c = 2
0, otherwise.
(4.19)
The projective-Ricci tensor then is computed via Kραβρ = Kαβ = Kβα and has
coefficients
Kαβ =

Dθθ α = 1, β = 1
−Dθτ − ∂2θhττ , α = 1, β = 2
−Dττ − 2hττ∂2θhττ , α = 2, β = 2.
(4.20)
Using the metric Gαβ on N , we can find the interaction term between the projective
connection and the induced Polyakov metric through
SDiff Inter =
∫ √−GGµνKµνdλ dθ dτ
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=∫
dλdθdτ
f(λ)√
2
(Dθθ hττ −Dθτ − ∂2θhττ ),
=
∫
dθdτ
(∫
dλ
f(λ)√
2
)
(Dθθ hττ −Dθτ − ∂2θhττ ) (4.21)
where the last term is the scalar curvature and is a total derivative. Similarly, the
middle term integrates to a constant as it decouples from the interaction with the
metric. Therefore we have the interaction term found in [5],
SDiff Inter = q
∫
dθ dτDθθ hττ , (4.22)
where q is a constant. Thus, using the projective connection over two-dimensional
metrics in the Polyakov gauge, we are able to recover the interaction term, Eq.(2.28)
between the Polyakov metric and the coadjoint element.
4.4 Chiral Gravity through Projective Geometry
One could have recovered this interaction term by computing the chiral anomaly with
a Dirac operator defined by the projective connection. Since the dimension of the
irreducible representation of the fermions does not change in going from n to n + 1
dimensions via the matrix γn+1 = γchiral, one can arrive at this result by computing
Tr(γ3) which written in invariant form on the projective space is
γ3 =
√
2√
ΥαΥα
Tr(Υαγα). (4.23)
We couple left handed fermions to a Dirac equation by using the projective Dirac
operator /˜∇ in the heat kernel expansion. There the square of the Dirac operator yields
/˜∇ /˜∇ = γα∇˜α(γβ)∇˜β + (Gαβ − iσαβ)∇˜α∇˜β. (4.24)
The requisite term to computing the trace is
σαβ∇˜α∇˜β = 1
2
σαβ [∇˜α, ∇˜β] = 1
2
σαβKαβ =
1
2
σαβ
1
2
σδλK
δλ
αβ ∝ K, (4.25)
where Kαβ is the projective curvature two-form constructed from the projective spin
connection Eq.(4.8). Since γm+1 has two eigenvalues that correspond to distinct orien-
tation forms, we may write a chiral gravitational theory for fermions in even dimensions
by adding a Dirac action on the projective space. Then by introducing two distinct
projective connections for the vector and axial vector, we can write a chiral action as
S(ψ,DV ,DA) =
∫
dn+1x
√
det (−G)i
(
ψ¯γµ∇˜Vµψ + ψ¯γµ∇˜Aµ (Ψαγα)ψ
)
. (4.26)
21
The advantage of this approach is that we do not have to introduce separate metrics for
the chiralities, since Dvectorab and Daxialab are independent fields that have distinct isotropy
groups. When the two diffeomorphism fields are the same, chiral symmetry is broken.
We are presently investigating how such a coupling affects chiral symmetry and chiral
symmetry breaking through gravity.
4.5 Projective Curvature Squared and Diffeomorphism Field Lagrangian
4.5.1 Thomas Whitehead Projective Gravitational Action
Now we turn our attention to constructing a Lagrangian for the diffeomorphism field in
order to describe it as a dynamical field in its own right. Motivated by the discussion
in the previous section, a Lagrangian for the diffeomorphism field could be of the form
Strial action =
∫
dnxdλ
√−GKραβγKδµνσGαµGβνGγσGρδ. (4.27)
However, an expansion of this action includes a Kretschmann scalar density,∫
dnx
√−g RabcdR bcda .
Such a term will give rise to higher derivative terms in the metric. Furthermore, the
action is not explicitly projectively invariant. Since the Gauss-Bonnet action is trivial
in two and three dimensions and a topological invariant in four dimensions, we are
motivated to write our action as
STWPG = α0
∫
dmxdλ
√
− det (Gµν)KαβGαβ + SPGB, where (4.28)
SPGB = β0
∫
dmxdλ
√
− det (Gµν)
(
K2 − 4KµνKµν +K αµνρ Kµνρα
)
, (4.29)
where Kab = Rab−(m−1)Dab and K = R−(m−1)gabDab = R−(m−1)D.We will call
this the Thomas-Whitehead projective gravitational action. This may be expanded as
the m-dimensional action
STWPG = α0
λ0
2
∫
dmx
√−ggabRab
− (m− 1)α0λ0
2
∫
dmx
√−ggabDab
− β0λ0
2
∫
dmx
√−g
(
4RabDab − 2(m− 1)DabDab − λ
2
0
54
KbmnK
bmn
)
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+ 2(m− 1)β0λ0
∫
dmx
√−g Dab
(
2Rab − (m− 1)Dab)
− (m− 1)β0
2
λ0
∫
dmx
√−g D (2R− (m− 1)D) + SGB, (4.30)
where the λ integration has been performed using Eq.(4.6). Here α0 ≡ κ2 where κ is
the gravitational constant. The quadratic Gauss-Bonnet action,
SGB =
β0
2
λ0
∫
dnx
√−g (R2 − 4RabRab +R dabc Rabcd) , (4.31)
vanishes in two and three dimensions and is a topological term in four dimensions. The
dynamics for Dab arise from the term KbmnKbmn where Kbmn = ∇mDbn − ∇nDbm is
the projective York-Cotton tensor. This satisfies the Bianchi identity
Kacm +Kcma +Kmac = 0. (4.32)
The field equations for Dab that arise from this action are
β0(
λ0
3
)3∇m(Kcdm+Kdcm)−λ0(m−1)(α0+2β0K)gcd+4β0λ0(2m−3)Kcd = 0. (4.33)
This can be written in the form Ocd;abDab = Jcd, where Ocd;ab is a second order differ-
ential operator and Jcd a metric dependent source, i.e.
β0(
λ0
3
)3∇m(Kcdm +Kdcm)− 4β0λ0(2m− 3)(m− 1)Dcd + 2λ0β0(m− 1)2Dgcd
= −4β0λ0(2m− 3)Rcd + λ0(m− 1)(α0 + 2β0R)gcd. (4.34)
In Thomas-Whitehead projective gravity, the field Dab is physical and can back-
react with the metric. By varying the action with respect to the metric gab, we can
write the Einstein equations as
κ2(Rlm − 1
2
Rglm) = Θlm +ΘlmGB, (4.35)
where we have separated out the energy-momentum contribution from the Riemannian
Gauss-Bonnet term as ΘlmGB. The contribution due to the diffeomorphism field is given
by Θlm. This can be written in four parts corresponding to the contribution arising
from the projective Einstein-Hilbert action, which is the first summand in Eq.(4.28),
and the three terms in Eq(4.29) arising from the projective scalar squared term (PSS),
the projective curvature squared term (PCS) and the the projective Ricci squared term
(PRS). Using these labels we write
Θmn = ΘlmPEH +Θ
mn
PSS +Θ
mn
PCS +Θ
mn
PRS (4.36)
where
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ΘlmPEH = +
1
2
κ2(n− 1)(Dlm − 1
2
Dglm), (4.37)
ΘlmPSS = 2β0λ0(1−m)(glmgcd − glcgmd)∇c∇dD + β0
λ0
2
(2(1−m)RD
+(1−m)2D2)glm − 2β0λ0(1−m)(RlmD +DlmR + (1−m)DlmD),
(4.38)
ΘlmPCS = β0λ0
(L+ 4(RlcDmc +RmcDcl)− 2(n− 1)(DlcDmc +DmcDcl))
−β0λ
3
0
54
K l caK
mca − β0λ
3
0
27
KcdlK mcd − β0λ0∇cXclm, (4.39)
ΘlmPRS = −2β0λ0(1−m)glm
(
2RabDab + (1−m)DabDab
)
−4(1−m)(RclD mc +DclR mc + (1−m)DclD mc )
+2(1−m)∇a∇b(Dabglm +Dlmgab −Dmbgla −Dalgmb) (4.40)
Here
Xcab = Jcab − Jabc − J bac, (4.41)
Jcab = gca∇mDmb + gcb∇mDma − 2gcd∇dDef
−λ
2
0
54
(D cmKabm +D cmKbam) (4.42)
and
L = −λ
2
0
54
(KbmnKacd)g
abgmcgnd − 2(n− 1)DabDab + 4RabDab. (4.43)
For the sake of completeness, in dimensions higher than four, the Gauss-Bonnet action
contributes to the total energy-momentum tensor through divergent-free Lanczos tensor
[43],
1
β0λ0
ΘlmGB =
1
2
glm(R2 − 4RabRab +RabcdRabcd)− 2RRlm − 4RablmRab − 2RlbcdRmbcd + 4RalRma.
(4.44)
5 2D TWPG
Here we briefly discuss the relevant degrees of freedom in the “free” Lagrangian in 2D.
For this we do not include the projective Einstein-Hilbert action and explicitly use a
metric where Γabc = 0. From here we can examine salient features of the phase space
structure of the action. An in-depth analysis will be carried out through Dirac brackets
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in a future work. For this simplified case, we have the 2D projective action
S Diff free = −α1
∫
dθdτ
(
(Dθθ +Dττ )2 − 4D2θτ
)
−α2
∫
dθdτ
(
(∂τDθτ − ∂θDττ )2 − (∂τDθθ − ∂θDθτ)2
)
,
(5.1)
where
α1 =
∫
1√
2
f(λ) and α2 =
∫ √
2λ2f(λ)3. (5.2)
The conjugate momenta are given by
Πθτ = −2α2(∂τDθθ − ∂θDθτ )
Πθθ = +2α2(∂τDθτ − ∂θDττ )
Πττ = 0, (5.3)
where the vanishing of Πττ signifies a primary constraint, Φ1 = Πττ . The equations of
motion for Dττ then give a secondary constraint Φ2, where
Φ2 = −
√
2α1(Dθθ +Dττ ) + ∂θΠθτ. (5.4)
In terms of the conjugate momenta, the field equations for the three fields Dθθ,Dθτ ,
and Dττ respectively are
√
2α1(Dθθ +Dττ )− ∂θΠθτ = 0√
2α1Dθτ + ∂θΠθθ = ∂τΠθτ√
2α1(Dθθ +Dττ ) + ∂τΠθθ = 0. (5.5)
Here one may view the α1 terms as mass terms, demonstrating that masses are
derived from the projective geometry. The structure of the constraint algebra for
Dirac quantization will depend on whether Dττ vanishes, which will lead to first class
constraints via Dirac brackets. Only one physical degree of freedom will remain. We
expect that known techniques for handling partially massless gauge theories [34] will
also be of value here. This is under investigation.
6 Conclusion
We have shown that projective geometry may be used to give dynamics and a field
theoretic interpretation to the coadjoint elements which arise in the study of 2D gravity.
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The fixed coadjoint orbits are interpreted as external energy-momentum tensors in the
absence of dynamics. For orbits such as DiffS1/SLn with Dab ∝ −n2, the coadjoint
element acts as a negative cosmological constant in 2D. Furthermore, the projective
curvature renders the diffeomorphism field a dynamical field theory, putting the orbit
construction in the Virasoro sector on the same footing as the affine Kac-Moody orbits,
where the coadjoint elements can be regarded as background Yang-Mills fields. The
construction uses the property of coadjoint elements as projective structures on S1
which allows us to “lift” the projective connection to any dimension. In particular we
are able to identify the diffeomorphism field Dab with the projective Schouten tensor
found in Tractor calculus. By introducing a metric structure associated with the chiral
Dirac algebra, we can compute curvature squared invariants and provide dynamics
to the projective connection. Using the Gauss-Bonnet action, we can compute an
energy-momentum tensor for the diffeomorphism field and avoid higher derivatives on
the metric for dimensions less than five. This energy-momentum tensor demonstrates
that the diffeomorphism field will couple to matter gravitationally. A fully back-reacted
solution will modify geodesics and will appear as a source of dark energy. Whether this
is related to phenomenologically observed dark energy and dark matter will depend on
the β0 coupling constant. This is presently under investigation. Indeed, one could fix
the affine connection due to general relativity and use the projective connection to study
perturbations which give distinct geodesics. As suggested in [19], gravitation may be
equipped with not only a metric but another field so that the pair (gab,Dαβ) describes
the dynamics. We now recognize that this is the metric and the projective Schouten
tensor that can be associated with specific tractor bundles. Dynamical projective
connections may open a new avenue to the understanding of cosmology, gravitational
radiation, and the gravitational dynamics of matter. However, much work is left to be
done to pin down the phenomenology of this approach.
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